Several kinds of compact-covering images of metric spaces are characterized.
, and others. Compact-covering images of separable metric spaces were characterized in [18, Theorem 11.4]. The purpose of this paper is to characterize three kinds of compact-covering images of arbitrary metric spaces.
All maps in this paper are continuous, and all spaces are Hausdorff. The condition in Theorem 1.1 is satisfied, for example, if Y has a GÄ-diagonal, since every compact Hausdorff space with a Gs-diagonal is metrizable.
The condition in Theorem 1.2 is satisfied, for example, if Fis developable.5 This can be inferred from a remark by R. W. Heath in [13, p. 106], and is easily verified using Lemma 3.1.
It should be observed that Theorem 1.3 can be combined with known results to obtain the following theorem. (The equivalence of (a) and (c) was established by V. I. Ponomarev [22] , while the fact that (d) implies For a positive solution to Problem 1.5, it would suffice to show that every quotient ¿-image F of a metric space is also a compact-covering ¿-image of some metric space. (That Y must be a compact-covering image-rather than s-image-of some metric space follows from Theorem 1.1 and [10, Corollary 3] .)
The simple proof of Theorem 1.1 is given in §2. Section 3 contains some lemmas needed in the proofs of Theorems 1.2 and 1.3, and §4 contains the proofs of those theorems. Section 5 is devoted to examples.
2. Proof of Theorem 1.1. The necessity of the condition is clear, since every Hausdorff continuous image of a compact metric space is metrizable. To prove sufficiency, suppose that every compact subset of Y is metrizable. Let X be the disjoint union (=topological sum) of all the compact subsets of Y, and let /: X-> Y be the obvious map. Then X is metrizable and/is compact-covering, so that completes the proof. (b)-*(a). Let % be a countable F-base for K. Then K has a countable base, and is thus metrizable. Moreover, if {fí¿n:n e N} is the family of finite subcollections of ty which cover K, then {{j^in:neN}is easily seen to be a countable outer base at K in Y. Proof.
Let (Y n) be all the finite subcollections of % which cover K, arranged in a sequence. By induction, choose finite ^¿n^^¿ covering K so that <%n refines Y'" and {(UC\K)-. U e %n+1} refines <%n for all n. Let us check (a) and (b). , where it is observed that it is cosmic and first-countable. Since Fis first-countable, it satisfies (a) by a result of V. I. Ponomarev [22] and S. Hanai [11] . Since Y is cosmic, it has a G¿-diagonal, so every compact subset is metrizable; hence (b) follows from Theorem 1.1. Finally, an observation of C. J. R. Borges [5, Remark 3.3] implies that Y has a compact subset which is not of countable character, so (c) follows from Theorem 1.2. That completes the proof.
According to a theorem of V. V. Filippov [9] , every paracompact /»-space8 with a point-countable base is metrizable. Similarly, results of G. Creede [8] , R. W. Heath [12] and R. H. Bing [4] imply that every cosmic space with a point-countable base is metrizable. The following two examples show that in neither of these results can the assumption of a point-countable base be weakened to assuming only that every compact subset is metrizable and of countable character.
Example 5.2. There exists a (Lindelöf) paracompact /»-space Y which satisfies the condition of Theorem 1.2 but not that of Theorem 1.3.9
Proof. Let X=lx{0,1} (where / is a closed interval), ordered lexicographically, with the order topology. It is known that Y is a compact Hausdorff space, hereditarily separable, and that no uncountable subset of X has a countable base.
Let E be an uncountable subset of /, all of whose compact subsets are countable [14, p. 514, Theorem 1] . Let/: Y-*-/be the continuous projection, and let Y=f~1(E).
Since/is perfect, so is/|F, and hence F is a paracompact/»-space. If K^ Y is compact, then/(AT) is compact in E and therefore countable, so K is also countable, and hence K has a countable F-base (since Y is first-countable). Thus, by Lemma 3.1, Fsatisfies the condition of Theorem Let Z=f~x(E).
Since E is uncountable, Z does not have a countable base (since any base for Z must contain a butterfly neighborhood of (x, 0) for every x e E). The proof that Z satisfies the condition of Theorem 1 Observe that Examples 5.2 and 5.3 could not have been chosen ocompact, since Lemma 3.1 implies that a a-compact space satisfying the condition of Theorem 1.2 must have a countable base. In contrast to this, the following example is countable. Example 5.6. A countable, regular space Y which is a compactcovering image of a metric space, but which is not a compact-covering ¿-image or a quotient ¿-image of a metric space.
Proof. In [18, Example 12.4], an example is given of a countable, regular space Y which is not an X0-space.
Since Fis countable and Hausdorff, every compact subset is metrizable, so Fis a compact-covering image of a metric space by Theorem 1.1.
Since F is not an X0-space, it is neither a compact-covering image nor a quotient image of a separable metric space, by [18, Theorem 11.4 and Corollary 11.5]. But any ¿-map with a countable range must have a separable domain, and hence F is neither a compact-covering ¿-image nor a quotient ¿-image of a metric space. That completes the proof.
